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Advanced Method
for Determining Land Plot’s Physical Surface

Abstract: This study examines the issue of the accuracy of physical surface calculations
for land plots with complex configurations and reliefs. The goal of the study
was to develop a methodology for determining the surface area of land plots
with complex configurations and reliefs. The presented model was based on
the finite element method. The developed method allows one to evaluate a re-
lief’s complexity by using a dimensionless mean physical surface complexity
factor; a Fortran program was developed for the methodology. Experiments
that proved the effectiveness of the methodology and a comparative analysis of
those areas that were calculated by the presented method and TIN model were
carried out. The research findings proved the practicability of the methodology
for calculating the physical surfaces of land plots with complex configurations.
The presented methodology can be used for flood modeling, landscape and
vertical planning, etc.
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1. Introduction

With the development of measuring equipment, computers, and data process-
ing, the demands on the accuracy of land plot area determinations are constantly
increasing [1]. According to the World Bank, natural resource management, agri-
cultural productivity, well-being, etc. depend on the accuracy of land area determi-
nations: “Analyses of wealth and inequality, agrarian structures, agricultural yields
and productivity, natural resource management, and gender differentials in agricul-
ture all depend on accurate measures of land areas” [2].

An area is usually calculated with the help of an analytical method that uses
its land plot boundary coordinates [3]. Generally, the area is calculated by actual
measurements and cartographical materials [4] as well as with satellite images [5].
The development of area-determination methods is based on global positioning sys-
tems, laser scanning, earth remote sensing, and advanced geoinformational tech-
nologies. With technological advancements, the improvement of analytical area-
determination methods is an urgent task.

The physical characteristics of relief are among the factors that influence the
accuracy of area determination; therefore, determining the areas of the physical sur-
faces of land plots is an urgent issue.

Land plot area determination that considers a physical surface is especially im-
portant for tasks like earthwork calculation [6, 7], environmental monitoring, civic
plan subsystems, traffic subsystems, electric power subsystem planning [8], flood
modeling [9], hydraulic erosion modeling [10], and engineering and geological
modeling [11].

A digital relief model is needed to calculate an area by considering its relief. Wil-
son and Gallant [12] carried out the detailed of digital elevation model (DEM) de-
velopment methods. Generally, DEM was developed as a triangulated irregular net-
work (TIN) and regular grid-based DEM [13]. TIN and GRID models are relatively
easy to develop in the GIS environment [14]. Spline-based techniques for developing
multi-resolution terrain models are widespread [15, 16]. Considerable attention has
been paid to the issue of interpolation for the development of land-surface models [17].

The choice of an approach to the development of DEM depends on a set of
factors, which include topographical conditions, the goals of DEM, the source data
type, the way it was collected, etc. It predefines the existence of various approaches
toward improving the TIN and GRID models.

DEM can be developed from various data types to include photogrammetric,
surveying, the global positioning system (GPS), and light detection and ranging
data (LiDAR) [18, 19]. Most algorithms utilize either a dense digital elevation mod-
el (DEM) or a set of digitized outlines as their input data [20]. The development of
DEM from data that is obtained by aerial laser scanning is of considerable inter-
est. A TIN model can be developed from a selection of points from a LiDAR point
cloud [20]; a regular elevation grid can then be developed.
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TIN is the most widespread digital-elevation model [21]; for example, TIN-
constrained Delaunay triangular irregular network modeling is also extensively
used [22]. There are various approaches for improving the TIN model; improving the
TIN model with the Delaunay condition [9] by adding or using breaklines or manual
additional points [21] has been extensively scrutinized. The TIN vertex-based meth-
od has been compared with the TIN facet-based method for calculating slope and
aspect [22]. In order to substantiate the distortion of DEM that has been developed by
traditional methods for discontinuous terrains (roads and building foundations), the
development of a TIN model by combining the topographic feature line and other
available topographic data was suggested for its construction [23]. The compound
method of DEM generalization by retrieving significant points from a grid DEM to
generate a TIN surface was examined [24].

There are a number of approaches for improving the GRID model (for exam-
ple, by embedded terrain features [25]) or developing a grid DEM that is based on
a Coons surface [17].

In order to provide the necessary accuracy of an area determination, the geo-
metrical characteristics of a land plot should be considered to be on a par with the
relief topography. In the case when the area of a land plot is determined as a plane
polygon with the help of GPS/EGNOS, any calculation mistakes do not depend on
the form of the land plot [26]; however, the configuration influences the accuracy of
the area determination when calculating the area while considering its relief. Tradi-
tional methods of area determination have proven to be ineffective in this case.

The working hypothesis is that determining the land plot areas of complex con-
figurations by traditional methods fails to fully consider the physical surfaces of the
terrains. There is a need for the development of advanced methodologies to address
land plots of various outlines and consider their reliefs. At the current stage, there
is no unified approach to the accurate physical surface determination of land plots
with complex configurations that is sufficient for modern territory management.
This is why there are a number of approaches for improving DEM and 3D model-
ing. The goal is to develop a land-plot physical-surface-determination method that
would not require a labor-intensive topographic survey. The use of a regular ele-
vation grid is suggested. The implementation of the finite element method and the
development of Fortran software will increase the accuracy of area determinations
and introduce a uniform system.

The goal of the research is to develop a land-plot area-determination methodol-
ogy that considering a terrain’s physical surface.

2. Materials and Methods

The main geometrical task of the study was to determine the surface areas of
land plots with complex configurations considering their reliefs. In order to do this,
a set of key steps were performed; these are presented in Figure 1.
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In the first stage, the configuration of the land plot is considered. Determining
the area can be carried out for any configuration; for example, the stretched-out or
branched-off parts of the land plot (Fig. 2). At this stage, the land plot is divided
into a number of sub-plots. The implementation of the finite element procedure is
suggested [27-29] by the division of the land plot into a number of convex polygons
and their subsequent divisions into triangles.

Fig. 2. Irregularly shaped polygon

The computer-aided division of an irregular land plot is not practical; a method-
ology for an automated sub-plot convexity check is suggested for this step.

In the second stage, each sub-plot is divided into a set of “basic” triangles. The
plane figure’s mass center is used for the subsequent divisions of the sub-plot into
triangles. As is known from physics, the mass center of a regular geometric figure
is the symmetry center of this figure. If a regular figure is convex, its mass center is
situated at the same distance from each apex.
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When the mass center is determined, each sub-plot is divided into so-called
“basic” triangles, with each of their apexes in the mass centers and the polygon seg-
ments between two successive turning points as their bases.

It is the division of sub-plots into “basic” triangles with their apexes in their
mass centers that predefines the need for the division into convex sub-plots at the
previous stage.

If we divide each side of the basic triangle by the same number of equal seg-
ments, the basic triangle will be divided into a number of identical triangles (similar
to the basic triangle). The more segments that the side of the triangle is divided into,
the smaller are the triangles; thus, the higher is the accuracy of the area determination.

For example, each side of a triangle is divided into four segments in Figure 3;
straight lines are drawn between the respective points on the sides that are parallel
to the base, then straight lines are drawn between the respective points of one side
and the base that is parallel to the other side. The third group of parallel lines is
drawn the same manner. Thus, the initial triangle is divided into a number of iden-
tical triangles (which are similar to the basic triangle). In the case when the initial
triangle is close to the regular triangle, the triangles that were developed from the
initial triangle are close to regular triangles.

There is a need for automated turning-point numeration after the division. The
developed approach to the numeration of the triangle’s turning points is presented
in Figure 4.

Fig. 4. Triangle turning-point-numeration pattern
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Based on the suggested approach to the numeration, the automated triangle
turning-point-numeration method is presented in Figure 5.

| side division I side division | | side division | | side division |

\ side division [ 1] side division | ‘ side division side division ]

Fig. 5. Triangle turning-point-numeration method

The mass center of the plot is connected to each subsequent pair of turning
points (by number), beginning with the lowest number. The numeration starts from
the mass center and proceeds in a counter-clockwise manner. The algorithm was
developed so that the number of a triangle can be clearly defined by the numbers of
apexes. Figure 6 illustrates that the number of each triangle can be defined by sub-
tracting the number of the mass center (number one in this picture) from the number
of the apex.

Such an approach to the apex numeration simplifies the algorithm and provides
the identification of each triangle for the area determination in the following stages;
the reason for this is that the area is calculated for each triangle separately.
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The above-mentioned identification pattern for the mass centers, sides, and tri-
angles is the basis for the development of the area-determination algorithm. This
does not depend on the quantity of elements into which the sub-plot is divided.

In the third stage, the area is calculated with an accuracy that is predefined by
the relief. The area to be determined is basically the area of the complicated irregu-
lar surface; therefore, the surface is to be approximated by some standard surfaces.
A flat triangle is the simplest and, at the same time, a very accurate example of such
a standard surface. As mentioned above, each of these triangles is further divided
into a set of smaller triangles in order to increase the accuracy of the area determi-
nation considering the relief. The elevation of the smaller triangle’s apex is defined
by its coordinates using a digital map, and the area of the triangle (inclined to the
horizontal plane) is calculated by analytical geometry formulas.

The total area of the plot that considers its relief is calculated as the sum of all of
the smaller inclined triangles. It has been suggested to evaluate the relief with coef-
ficient 0 < K < 1. The lower the value of K, the more complicated the relief of the land
plot is. In the case when coefficient K is close to one, relief may not be considered.
Thus, the presented method allows us to automatically define the mean inclination
of a land plot. A separate smaller triangle is presented in Figure 7.

z
c

<

~.
o]

X
B

Fig. 7. Triangle inclination toward horizontal plane
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For such a small triangle, the angle cosine between the vertical axis and the tri-
angle plane is determined by the normal v. The small triangle plane equation that is
determined by the coordinates of its apexes is as follows:

X=X, Y=Y, Z-z,
Xp=X, Yg—Y, 23—2,/=0 1)

Xe=X4 Yo Ya Zc—2,

C

The normal vector to the triangle plane is as follows:

N=N,i+N,j+Nk @)
where:

Nx: Yo~ Ya 2372, (3)

Ye=Ya 2c72,
N _xB Xy Zp—2Zy (4)

Yoo —x, zo-z,
NZ: xB_xA yB_yA (5)

Xe=Xy Yo~ Ya

The angle cosine between the vertical axis and the normal of the triangle plane
is determined by the following formula:

c, = COS(N,E) :# (6)
JN:+N, +N?

If F; is the area of a solid triangle and F, is the area of its floor projection, then:

Feti ?)
cos(N, k)
then, for one triangle:
E
c,=— 8
=7 ®)

As far as the area of the polygon is the total of all of the triangles into which the
polygon has been divided, angle cosine weighted mean value c_ is calculated by
the following formula:

F
= ZCZ ! :K

Cov Z_F )

where F, is the floor-projection area of the i-th triangle.
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In this case, the introduced coefficient is the ratio of the floor-projection area to
the area that considers the relief. Generally, it can be stated that coefficient K character-
izes the averaged ratio of the floor-projection area to the area that considers the relief.

The fourth stage is determining the vertical coordinates of the plot points. This
stage begins with applying the orthogonal grid to the plot (Fig. 8). The suggested
method is based on the GRID model.
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Fig. 8. Defining elevation of land plot turning points

The elevation in the grid nodes is defined; these values form rectangular ma-
trix m x n in the algorithm. The matrix row number is predefined by the sequence
number of the grid node by the x coordinate, and the matrix column number is
predefined by the grid node number by the y coordinate. The coordinates of the four
turning points (A, B, C, and D) are determined in the polygon.

The grid size is set depending on the required accuracy and relief complexity
(A, =A,=A). In the case of a complicated relief, an increased quantity of grid nodes
is necessary [30]. The smaller is the grid size, the more accurate the determination
of the elevation is. It is not reasonable to decrease the grid size to the graphical ac-
curacy of the scale and 1/3 of the vertical distance between the counter lines; a grid
size of 5 m x 5 m to 20 m x 20 m is recommended [31]. The example of the algorithm
output for A =10 mm in the cartographic base scale is presented in the study.

The number of the lower-left point of the grid cell under consideration is deter-
mined by the following formulas:

m:E[xD;xA] (10)

an(—yBgij (1)

where E(x) is the integer part of the x value, and E(y) is the integer part of the y value.
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The plot area that considers the relief is calculated as the total area of all of the
small triangles. For each triangle apex, two horizontal coordinates are determined;
the third coordinate (i.e., elevation) is determined with the help of a digital map.

3. Results

A Fortran-4 program has been developed for the methodology. Fortran pro-
grams have proven their effectiveness for calculations based on the finite element
method and are extensively used in civil engineering [32].

The area-calculation algorithm is presented in Figure 9; a Fortran syntax
was used.

plm

™~ Smallland plot area
Quantity of land plots KU
and position data for each plot
dan2

are designated ktu(ku)

(x,y,z,nut ktru,kt,ku ktu)

Cycle by
quantity of land plots

iprint
smain
centr (ktui,nptu,iu,xct,yct,stu)
Mass center is calculated
(nut,x,y.z kt,ktui,ku,xct,yct,iu)
otu

Node coordinates of
triangles to be divided

(x1,y1,%2,y2,X3,y3,kds,st)

Fig. 9. Fortran area-determination algorithm

All of the variables that are used in the program are divided into simple vari-
ables and arrays; they are declared by respective names in the language. The follow-
ing names (Table 1) are declared for the key variables.
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Table 1. Names that are used in algorithm

Gist of variable Name Variable type

Polygon turning-point quantity n simple variable
Triangle-node number nut (3400, ku) 3D array
Quantity of triangles in sub-plot ktru (ku) array
Plot-node number ntu (2000) array
Polygon turning-point-total quantity ktu simple variable
Triangle-node quantity kut simple variable
Big triangle side-division-point quantity kds simple variable
Triangle-node quantity kt simple variable
Big triangle side-division-point quantity kds array
Triangle-node quantity ktu simple variable
Triangle-shaped plot-node number nttu (1000) simple variable
Plot-last-point number nptu simple variable
Current sub-plot center coordinates xct, yct simple variable
Current sub-plot point quantity ktui simple variable
Quantity of sub-plots into which polygon is divided ku simple variable
Last triangle-node number nupt (3, 1000) array
Plot-node quantity kuu simple variable
Plot quantity su simple variable
Current node number iu simple variable

For the area calculations of land plots with complicated outlines and reliefs, it
has been revealed that, with the increased division iterations, there arises an effect
that is similar to the fractal effect. In order to prevent endless division, the criteria of
the cartographic base scale and elevation have been introduced.

The graphical accuracy of the point-determination scale in the cartographic ma-
terials (which is m’ = 0.2 mm in the cartographic base scale) is the first criterion that
outlines the least-recommended range. The second criterion is the mean error of the
relief survey toward the nearby points, which is 1/3 h. This value should not exceed
the difference between the vertical coordinates of the two nearby points of a triangle.

As the result of the examination, it has been suggested that the criterion of the
map scale be applied to land plots with complicated reliefs, and the criterion of relief
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is used for those areas of plain relief. In the case when the land plot is partly of com-
plicated relief and partly of plain relief, both criteria are automatically implemented
at the same time.

Let us scrutinize an example of the area calculation for a land plot with com-
plicated outlines and a complicated relief using the developed method. The calcu-
lations of the area for the land plot with the complicated outlines are presented in
Table 2 (map scale — 1:2,000).

Table 2. Complicated outline land plot area calculation (1:2,000)

Land plot Land plot area . Difference .
S . Relief- . Triangle
Land floor- considering relief . between physical .
. - . ,; | complicatedness side
plot-side projection | (physical area), [m?] i area and floor-
o ) coefficient L o length
division area [m?] Xy 2) H=05 projection area [%]
@ v) H=05 : H=05 (m]

1 846,668 849,380 0.99 0.3 34.300
2 846,668 855,391 0.97 1.0 14.710
3 846,668 864,706 0.95 2.1 11.430
4 846,668 873,160 0.94 3.1 8.575
5 846,668 881,678 0.92 4.1 6.860
6 846,668 886,299 091 46 5.717
7 846,668 891,111 0.90 5.2 4.900
8 846,668 895,038 0.89 5.7 4.288
9 846,668 899,246 0.89 6.2 3.811
10 846,668 902,881 0.88 6.6 3.430
15 846,668 911,370 0.87 7.6 2.287
20 846,668 921,107 0.85 8.7 1.715
25 846,668 929,198 0.84 9.7 1.372
30 846,668 936,481 0.84 10.6 1.143
31 846,668 936,481 0.84 10.6 1.143

Table 2 illustrates how the area of the land plot considers the relief changes
depending on the side-division quantity. With increases in the side divisions, the
area is increased since the relief is considered more precisely. The refinement of the
physical area with the increases in the side divisions is illustrated in Figure 10.
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The algorithm stopped the division at the 30" iteration due to the scale criterion
(in this case, m'= 0.4 m). The data that is presented in Table 2 on the 31 iteration cor-
roborated the practicability of the limitation. The approach corresponded with the
iteration process in general [33]. More iterations are not rational for the prescribed
accuracy of area determination; the area of the land plot is 936,481 m? at a scale
of 1:2,000. This value differed by 10.6% from the area that was determined without
considering the physical area.

The summary data on the land plot area determination for various scales is
presented in Table 3.

Table 3. Complicated configuration land plot area determination for various scales

Land . Difference of
Land plot area Relief .
plot floor N . . Land physical area and
N considering relief | complicatedness . s
Scale projection . ) - plot side floor projection
N (physical area) [m?] coefficient R o
area [m?] v, 2) H=05 division area [%]
1) 4 : H=05
1:10,000 846,668 875,015 0.92 5 4.5
1:5,000 846,668 907,605 0.89 10 7.1
1:2,000 846,668 936,481 0.84 30 10.6
1:1,000 846,668 937,262 0.83 32 10.5
1:500 846,668 956,730 0.82 33 11.3
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Based on the developed program, the comparative analysis of the land plot
physical area determination was carried out using the TIN and GRID models.

Fig. 11. Land plot physical area modeling using TIN model

In Figure 11, an irregular polygon with a set of stakes is presented; based on
this, an irregular grid was developed (TIN model).
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Fig. 12. Territory GRID model fragment

In Figure 12, an irregular polygon with a set of stakes is presented; based on
this, a regular grid was developed (GRID model). Digital elevation models can be
developed automatically with the help of a digital photogrammetric station [34].

With the help of the developed method of the irregular polygon determina-
tion, five convex sub-plots were developed automatically (Fig. 13). Each sub-plot
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was automatically divided into n triangles using the criteria of the graphical accu-
racy of the point determination in maps and plans and the mean error of the relief
survey toward the nearby points. This was the way the set of regular triangles was
developed.

The physical area of the irregular polygon was 183,910 m? by the developed
methodology.

Fig. 13. Land plot physical surface modeling by developed methodology
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Table 4. Physical area calculation comparative analysis

Calculated | Reference area | Deviation from Deviation from
Area calculation options area by TIN model reference area reference area
[m?] [m?] [m?] [%]
Without relief consideration 846,668 940,737 -94,069 -10.0
By developed methodology 956,730 940,737 159,930 +1.7

A comparative analysis of the physical area calculation using the reference
TIN model and the developed methodology is presented in Table 4.

Thus, the presented methodology allowed us to increase the accuracy of the
land plot area calculation by 110,062 m?* as compared to the area calculation without
considering the relief. The area that was calculated by the presented methodology
was more accurate than the area that was determined by the TIN model.

4. Discussion

The research findings and their practical implementations upheld the work-
ing hypothesis: the presented algorithm allows us to determine the area of a land
plot with a complex configuration more accurately. For the presented example, the
area was increased by 1.7 and 11.7% due to the advanced calculation method as
compared to the TIN model and the calculation without considering the physical
surface, respectively. These figures are significant — especially for land plots with
high market prices. Accurate area determination is important for landscape design,
fertilizer distribution, erosion modeling, avalanche/mudslide/rock slide forecasting,
ski resort management, construction site vertical planning, etc. [35].

With the increased accuracy of the data based on relief, the better quality of
development projects and increased productivity can be observed [7]; the modeling
can be an alternative to 3D modeling. The difference of the actual relief from the de-
sign values by the existing methods is a reason for extra costs and time expenditures
due to the extra earth excavation [36].

Generally, the abovementioned is about projects that demand precise determi-
nations of area and are related to area calculations (like volume) for large terrains
with complicated reliefs. First of all, natural disasters should be considered [35]; i.e.,
floods, rock slides, snow avalanches, etc. In such cases, the accurate determination of
area and, respectively, the volume decreases time and resource consumption, facili-
tates search-and-rescue operations, and aids in rehabilitating a territory.

At the current stage, unmanned aerial vehicles are used to develop accurate
DEMs [36]. The presented method allows us to model relief and determine area and,
respectively, volume based on existing cartographic materials. The technique is more
cost-effective than those that use unmanned aerial vehicles. The advantages of devel-
oping DEM from topographic maps were corroborated by the research findings [37].
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The study can be considered for the purpose of determining the impact of area-
calculation accuracy on agricultural productivity [38] or determining the actual area
of a farm [39].

The algorithm is based on the GRID model and has all of its advantages (in-
cluding simplicity). At the same time, the presented algorithm allows us to avoid
the disadvantages of the GRID model [13]. Due to the development of a set of regu-
lar triangles, drastic elevation differences and detailed relief patterns on plain areas
can be reflected. At the same time, we agree on the practicability of improving the
collection of significant points for the formations of grid-based DEMs [40]. Consid-
ering the abovementioned, the adjustment of the approach to the selection of LIDAR
points [20] to the presented method is promising, and adjusting the approach to
determining the thresholds of the input density of points that are detected by LiDAR
is possible [41].

Regular triangles are used for the presented algorithm. The triangle-formation
method for the surface approximation is also important for TIN models. Delaunay
triangulation [42, 43] allows us to maximize the inside angles of the triangles. The
presented method provides for the development of regular triangles, which allows
us to increase the accuracy of land plot area determination for land plots with compli-
cated reliefs and configurations. The inclination of each regular triangle into which
the surface is divided is considered; thus, the accuracy of the orthogonal projection
on the plane is increased. The quantity of the divisions can be corrected according
to reference conditions. The numeration of triangles of any type is considered by the
presented methodology irrespective of the quantity of the divisions. The quantity
of the divisions is limited by the practicability of the area specification considering
any topographical survey errors and point positioning on a cartographic document.
With the alteration of the requirements, the quantity of the divisions can be easily
adjusted and the accuracy of the area determination improved.

As compared to the existing finite element model [28], the presented model
allows us to distinguish plains from steep areas.

5. Conclusion

The developed methodology allows us to increase the quality of relief physical
surface modeling and, as the result, increase the accuracy of physical area determi-
nations for land plots with complicated outlines. The DEM is developed as a set of
regular triangles. The method of determining the relief-complexity coefficient based
on the finite element method was presented for the first time. Implementing the
coefficient allowed us to determine the area of the physical surface of a land plot
more accurately as compared to the existing methods. The effectiveness of the model
was approved in practice and contrasted with the area that was determined by the
TIN model.
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The developed methodology allows us to do the following:

— decrease risks of mistakes when determining land plot areas,

— automate process of determining irregular land plot areas by analytical
methods.

The method is practicable for projects that require determining areas and re-
lated calculations (like volume) for large and complex terrains; i.e., those that deal
with vertical planning, floods, stone landslides, snow avalanches, etc. The method
is practicable for decision-making on labor efforts and equipment utilizations for
emergency interventions, earthworks, etc.
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